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The relativistic coupled-cluster (RCC) method is a powerful many-body method, particularly
in the evaluation of electronic wave functions of heavy atoms and molecules, and can be used to
calculate various atomic and molecular properties. One such atomic property is the enhancement
factor (R) of the atomic electric dipole moment (EDM) due to an electron EDM needed in electron
EDM searches. The EDM of the electron is a sensitive probe of CP-violation, and its search could
provide insights into new physics beyond the Standard Model, as well as open questions in cosmology.
Electron EDM searches using atoms require the theoretical evaluation of R to provide an upper limit
for the magnitude of the electron EDM. In this work, we calculate R of 210Fr in the ground state using
an improved RCC method, and perform an analysis on the many-body processes occurring within the
system. The RCC method allows one to capture the effects of both the electromagnetic interaction
and P- and T-violating interactions, and our work develops this method beyond what had been
implemented in the previous works. We also perform calculations of hyperfine structure constants,
electric dipole transition matrix elements, and excitation energies, to assess the accuracy of R and
the success of our improved method. Finally, we present calculations of R with corrections due to
Breit interaction effects, approximate quantum electrodynamics (QED) effects, and some leading
triple excitation terms added perturbatively, to assess how significantly these terms contribute to
the result. We obtain a final value of R = 799, with an estimated 3% error, which is about 11%
smaller than a previously reported theoretical calculation.
I. INTRODUCTION
A consideration of both relativistic and many-body
theories is necessary to sufficiently describe heavy atomic
and molecular systems [1, 2]. Although there are many
theoretical approaches to the evaluation of heavy atomic
and molecular wave functions, the relativistic coupled-
cluster (RCC) method is to date the method of choice
for high-accuracy calculations [3]. The RCC method
takes the Dirac-Fock (DF) wave function as its starting
point, then considers particle-hole excitations from it, to
take electron correlation effects into consideration, and is
able to simultaneously account for relativistic and many-
body effects. It is a powerful many-body method which
has been applied in a variety of fields, including nuclear
physics [4, 5] and condensed-matter physics [6]. The RCC
method adapted to lattices [6] could also be applied to
optical physics and quantum information. Its advantage
over other post-DF methods comes from its ability to in-
clude correlation effects to all orders perturbatively for all
levels of particle-hole excitation. It also has the property
that it is size-extensive [6]. However, the computational
cost scales rapidly with system size, especially compared
with other, more approximate post-DF methods. Nev-
ertheless, the power that the coupled-cluster method in
general provides in determining many-body wave func-
tions to high accuracy has earned it the reputation as
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the “gold standard of many-body methods” [7]. There
have been many works [8–15] which have applied vari-
ous implementations of the coupled-cluster method to the
calculations of different atomic and molecular properties,
but all have had to introduce approximations to reduce
the unfeasible computational cost associated with a full
calculation [2]. In this work, we apply an improved RCC
method in the evaluation of a physical quantity of signifi-
cance in fundamental physics: the enhancement factor of
the electric dipole moment of atomic francium, towards
the search for an electron electric dipole moment. In ad-
dition, calculations of selected measured properties, such
as the magnetic dipole hyperfine constants and the elec-
tric dipole transition amplitudes, have been performed.
There have been high-precision spectroscopic measure-
ments made on various properties of francium [16–18],
and the application of our new RCC method to the cal-
culation of these measured quantities will allow us to test
the strength of the method in giving reliable results.
For all its successes in describing fundamental particle
interactions, the Standard Model (SM) of particle physics
is unable to account for some outstanding observations
in the universe. One of these is the so-called baryon
asymmetry in the universe, where the matter-antimatter
ratio observed in the current universe is off by several or-
ders of magnitude, compared to the value predicted using
SM [19]. One of the proposed reasons for this discrepancy
is the need for additional sources of CP-violation, which
is the combined violation of charge conjugation (C) and
parity (P) symmetries [19]. A signature of CP-violation
not yet observed is the intrinsic electric dipole moment
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2(EDM) of the electron. For a particle to possess an intrin-
sic EDM, both P and time-reversal (T) symmetries must
be independently violated [20–23]. From the CPT theo-
rem, T-violation implies CP-violation. The SM predicts
an electron EDM value, denoted by de, of |de| ∼ 10−38
e-cm [24, 25], which falls far outside the range of values
current experiments can probe. However, several beyond
the SM (BSM) paradigms predict values of the electron
EDM that are many orders of magnitude larger, such as
variants of the Supersymmetric (SUSY) model and the
left-right symmetric model, which, depending on the pa-
rameters, can predict a value of the electron EDM as
large as |de| ∼ 10−27 e-cm [24, 26], which is within reach
of current experiments. Thus, a successful measurement
of a nonzero electron EDM would provide direct evidence
for BSM physics [27], as well as shed insight into the ob-
served baryon asymmetry in the universe [28]. Even if the
electron EDM is not observed, imposing upper limits on
its magnitude can constrain BSM models, which predict
different ranges of possible electron EDM values [29].
The observation of the electron EDM has eluded ex-
perimentalists for over half a century, but not without
significant improvements to the upper limits. Currently,
heavy open-shell atoms and polar molecules are the most
promising systems with which to determine the upper
bounds on the magnitude of the electron EDM, with
the best limit to date set by experiments on thorium
oxide (ThO), at |de| < 1.1 × 10−29 e-cm with 90% con-
fidence [30]. The best experimental limit using atoms
comes from 205Tl, at |de| ≤ 1.6 × 10−27 e-cm with 90%
confidence [31]. Because the electron EDM is known to
be extremely small, high precision is required for these
experiments. In the case of atomic systems, the pres-
ence of a permanent electron EDM can induce an atomic
EDM. This atomic EDM can be many times larger than
the magnitude of the electron EDM for some systems [32].
It is this enhanced EDM that is exploited in electron
EDM experiments using atoms. The energy shift due to
the atomic EDM is measured in experiments. To obtain
an upper limit for the magnitude of the electron EDM
from this quantity, the enhancement factor R, defined as
the ratio of the atomic EDM to the electron EDM, must
be theoretically evaluated.
In this work, we calculate R of the atomic EDM of
210Fr in the ground state. In many respects, Fr is a suit-
able candidate for an EDM experiment. Fr is the heaviest
alkali atom, which means that it is a highly relativistic
system and that it has a single valence electron, making
it the atom with the highest predicted EDM enhance-
ment factor out of all atomic candidates on which elec-
tron EDM search experiments are currently being per-
formed. Its projected sensitivity is about two orders of
magnitude better than the limit given by 205Tl [33]. The
greatest advantage of Fr over the other electron EDM
search candidates explored in the past is that many iso-
topes can be prepared [34], on which EDM experiments
can be done separately. This allows for the detection of
signatures of CP-violating sources other than the electron
EDM, in particular, the scalar-pseudoscalar (S-PS) inter-
action. In order to comprehensively study BSM physics,
the S-PS interaction term must also be considered when
performing EDM experiments. So far, there have not
been as many comprehensive studies on the contribution
of the S-PS interaction to atomic EDM, even though it
must be considered if the electron EDM is measured. As
a more general point, the advantage of atomic systems
over molecular candidates is the ability for theoretical
calculations to be evaluated with a higher accuracy due
to its simpler electronic structure, and thus the ability
to obtain limits to higher accuracy. Furthermore, using
different isotopes of the same atom to evaluate the cou-
pling constants for the S-PS interaction allows system-
atic errors from experiments to be reduced, compared to
performing the same measurements on different molec-
ular species. For these reasons, a re-investigation into
EDM enhancement of Fr will be of value to the ongo-
ing search for the electron EDM. Electron EDM search
experiments using Fr are currently in progress at the Uni-
versity of Tokyo, further motivating this study [35, 36].
Another electron EDM search experiment using 211Fr has
also been proposed by Wundt et al. [37] and Munger et
al. [38], at TRIUMF in Canada. In this work we focus
on the properties of 210Fr, because the experiments at
the University of Tokyo will be using this isotope for the
electron EDM search experiments.
The enhancement factor is calculated by numerically
evaluating the wave function of the many-body electronic
state of the atom using an improved RCC method. The
wave function is then used to evaluate the appropriate
expectation value. The contribution of individual RCC
terms are analyzed and discussed, particularly in relation
to the specific many-body effects they contain. The ap-
plication of the RCC method to the calculation of atomic
EDM was first proposed in 1994 by Shukla et al. [39], and
was implemented for open-shell atoms for the first time in
2008 by Nataraj et al. [40]. Calculations on Fr have been
performed in the past, first by Sandars in 1966 [41], us-
ing a one electron central force potential approximation,
and later by Byrnes et al. in 1999 [42], using a sum-over-
states approach, and by Mukherjee et al. in 2009 [43],
using an approximate RCC method. Our work aims to
advance these past results, by using an improved RCC
method that addresses the weaknesses of the previous
RCC calculation by Mukherjee et al. [43]. The imple-
mented upgrades include an improved basis set and the
inclusion of terms that were omitted in previous calcula-
tions [42, 43] due to computational cost limitations. In
view of the recent progress in ongoing Fr EDM experi-
ments [33], evaluating an improved theoretical result is of
importance in yielding a limit for the electron EDM value
and related quantities. High-performance computing is
utilized in these calculations to include as many terms
as possible for improving accuracy, as well as to include
correction terms due to physical effects, such as the Breit
interaction [44] and quantum electrodynamic (QED) ef-
fects [45], which have not been considered in previous Fr
EDM calculations. A subset of triple excitation terms
were also evaluated perturbatively and its contribution
3added to the result. Finally, the accuracies of the re-
sults are assessed by comparing various physical quan-
tities evaluated using the calculated wave function with
their corresponding experimental values, to ensure that
the quality of the RCC state is sufficiently good. In par-
ticular, we have calculated the hyperfine structure con-
stants, electric dipole (E1) transition matrix elements,
and excitation energies of selected states of 210Fr. For the
hyperfine structure constants and the E1 transition ma-
trix elements, we have included various correction terms
to enhance the accuracies of the results and compared
these against available experimental and other theoreti-
cal values. These results serve to highlight the strengths
of our improved RCC method, implemented on open-
shell atoms for the first time in this work.
II. THEORY
We start with the Dirac-Coulomb (DC) Hamilto-
nian [46] of an atomic system, given in atomic units as
Hˆ0 =
∑
i
(
cα · pi + (β − 1)c2 + Vnuc(ri)
)
+
∑
i<j
1
rij
, (1)
where summations are taken over electrons i and pairs of
electrons i, j in the atom, respectively, c is the speed of
light, α and β are Dirac matrices, pi is the momentum
operator for electron i, and Vnuc is the potential due to
the atomic nucleus. 1rij is the Coulomb operator, where
rij refers to the distance between electrons i and j. If we
assume that a nonzero electron EDM exists, a term corre-
sponding to the interaction of the electron EDM with the
internal electric field of the atom must be added to the
DC Hamiltonian, and the resulting atomic Hamiltonian
Hˆ becomes
Hˆ = Hˆ0 + deHˆ
′, (2)
where H ′ is a P- and T-violating perturbation to the
Hamiltonian, and has the expression
Hˆ ′ = −βΣ · E int, (3)
with E int denoting the internal electric field of the atom
and Σ defined by
Σ =
(
σ 0
0 σ
)
(4)
where σ are the Pauli spin matrices. de is small, so
the electron EDM interaction term can be treated as
a perturbation to the DC Hamiltonian, with de taken
as the perturbation parameter. The atomic wave func-
tion |Ψα〉 is then expressed as a first order perturbed
wave function whose unperturbed component satisfies
the many-electron Dirac equation using the DC Hamil-
tonian Hˆ0, and the first order perturbation term is eval-
uated through standard perturbation theory by treating
the electron EDM interaction operator as the perturba-
tion to the DC Hamiltonian. That is,
|Ψα〉 ≈ |Ψ(0)α 〉+ de|Ψ(1)α 〉, (5)
where the equation
Hˆ0|Ψ(0)α 〉 = E(0)0 |Ψ(0)α 〉 (6)
is satisfied. Note that, in Eq. (5), the first order per-
turbed wave function is de|Ψ(1)α 〉, not |Ψ(1)α 〉.
Our aim is to obtain an expression for the enhancement
factor R of the atomic EDM due to the existence of a
nonzero electron EDM. R is defined like
R =
〈Da〉
de
, (7)
where 〈Da〉 is the magnitude of the atomic EDM, and
de is the magnitude of the electron EDM. By definition,
an EDM induces an energy shift ∆E that is linear in the
magnitude of the applied electric field E :
∆E = −〈Da〉E . (8)
We derive an expression for the atomic EDM induced by
an electron EDM and an external electric field. This is
given as the normalized expectation value of the atomic
dipole operator Da with respect to the atomic state of
interest |Ψ〉, like
〈Da〉 = 〈Ψ|Da|Ψ〉〈Ψ|Ψ〉 . (9)
In this case, we are interested in the atomic ground state
which we denote as |Ψα〉. In the presence of an exter-
nal electric field and a nonzero electron EDM, the dipole
operator takes the form
Da = er + deβΣ (10)
= D + deβΣ, (11)
where the first term is due to the EDM induced by the
external field, and the second term due to the electron
EDM. β is the Dirac matrix, and Σ is defined in Eq. (4).
The summation over each electron is suppressed.
Substituting Eq. (5) into the numerator of Eq. (9),
〈Ψα|Da|Ψα〉 = (〈Ψ(0)α |+ de〈Ψ(1)α |)Da(|Ψ(0)α 〉+ de|Ψ(1)α 〉)
= 〈Ψ(0)α |Da|Ψ(0)α 〉+ 2de〈Ψ(0)α |Da|Ψ(1)α 〉 (12)
keeping only terms linear in de. Now, we note that
atomic wave functions have well-defined parities. The
DC Hamiltonian is parity conserving, but the perturba-
tion introduced, which is the electron EDM interaction
term, is parity violating. Thus, |Ψ(1)α 〉 and |Ψ(0)α 〉 have op-
posite parities. Noting the fact that D is an odd parity
operator and deβΣ is an even parity operator, Eq. (12)
can be simplified into
〈Ψα|Da|Ψα〉 = 〈Ψ(0)α |deβΣ|Ψ(0)α 〉+ 2de〈Ψ(1)α |D|Ψ(0)α 〉
(13)
4using parity selection rules. This is the non-normalized
expression for the atomic EDM. Dividing this through by
de gives us the expression for R:
R =
〈Ψ(0)α |βΣ|Ψ(0)α 〉+ 2〈Ψ(1)α |D|Ψ(0)α 〉
〈Ψα|Ψα〉 , (14)
where |Ψ(1)α 〉 can be expressed like
|Ψ(1)α 〉 =
∑
ν 6=α
|Ψ(0)ν 〉〈Ψ(0)ν | − βΣ · E int|Ψ(0)α 〉
E
(0)
α − E(0)ν
(15)
from perturbation theory, where k denotes all intermedi-
ate states. This expression can be simplified using Dirac
algebra like [47]
R =
2ic
〈Ψα|Ψα〉 ×∑
ν 6=α
(
〈Ψ(0)α |βγ5p2|Ψ(0)ν 〉〈Ψ(0)ν |D|Ψ(0)α 〉
E
(0)
α − E(0)ν
+h.c.
)
(16)
=
2〈Ψ(1)′α |D|Ψ(0)α 〉
〈Ψα|Ψα〉 (17)
where h.c. denotes the Hermitian conjugate of the pre-
ceding term, and
|Ψ(1)′α 〉 =
∑
ν 6=α
|Ψ(0)ν 〉〈Ψ(0)ν |2icβγ5p2|Ψ(0)α 〉
E
(0)
α − E(0)ν
. (18)
We see from Eq. (7) and Eq. (8) that
∆E = −deRE , (19)
which shows that we can obtain an upper limit for de
through the combination of experimental ∆E value and
theoretical calculation of R.
III. METHOD OF CALCULATION
The RCC method takes as its starting point the Dirac-
Fock (DF) state |Φv〉, constructed as a Slater determi-
nant of single-electron wave functions [44]. The relativis-
tic single-electron wave functions |φ〉 have the form
|φ〉 =
(
P (r)χjmj lL
iQ(r)χjmj lS
)
(20)
where the upper and lower components indicate the large
and small components of the relativistic wave function,
respectively, P (r) and Q(r) denote the radial parts of
each component, and the χ’s denote the spin angular
parts of each component which depend on the quantum
numbers j, mj , and l. lL denotes l for the large compo-
nent, while lS denotes l for the small component. The
spin quantum number s is fixed at s = 1/2, because we
are only considering electrons here.
The radial parts of the large and small components
of the relativistic single-electron wave functions are con-
structed as a sum of Gaussian functions, called Gaussian
type orbitals (GTO’s). For a given l and j, the large and
small components of the radial wave functions have the
form
P (r) =
N∑
i=1
cLi g
L
i (r) (21)
and Q(r) =
N∑
i=1
cSi g
S
i (r), (22)
respectively, where ci is the coefficient for orbital i, and
the superscript L(S) refers to the large (small) compo-
nent of the relativistic wave function. The small com-
ponent is evaluated from the large component using the
kinetic balance condition [48], like
(σ · p)gLi = gSi . (23)
The GTO of the large component for a given l and j is
given as
gLi (r) = r
le−αir
2
, (24)
where the exponent αi is given by
αi = α0β
i−1. (25)
This condition on the exponent is called the even-
tempered condition [49]. The parameters α0 and β are
optimized for each angular symmetry, and the values
used in this calculation are as shown in Table I. The
optimization was performed so that the bound orbital
energies and the expectation values of r, 1/r, and 1/r2
matched those obtained through a direct differential
equation method using the GRASP code [50]. The
differential equation DF calculation employed in GRASP
does not rely on any external parameters, but is unable
to provide continuum orbitals, while the matrix DF
calculation that we employ is able to do this. Therefore,
by ensuring that the bound orbitals we obtain for some
choice of parameters give similar expectation values to
those obtained using GRASP, we ensure that our choice
of parameters is reasonable. The value of R in the DF
atomic ground state and the values of the magnetic
dipole hyperfine interaction constants in selected DF
atomic states were also ensured to match the values
evaluated using DF states constructed from GRASP or-
bitals. The range of orbitals calculated at the DF level,
and the range of active orbitals used in the RCC calcula-
tion, are also shown in the same table, for each symmetry.
The RCC wave function |Ψ(0)α 〉 of a particular atomic
state is constructed as a linear combination of n particle-
n hole excitations of the DF state and the DF state, and
expressed like
|Ψ(0)α 〉 = eT
(0)
(1 + S(0))|Φv〉, (26)
5TABLE I. The optimized values of α0 and β, the range of the
principal quantum numbers of the orbitals calculated using
the DF method (nDF), and the range of the principal quan-
tum numbers of the DF orbitals used in the RCC calculation
(nRCC) for each angular symmetry used in this work.
s p d f g
α0 0.0009 0.0008 0.001 0.004 0.005
β 2.25 2.20 2.15 2.25 2.35
nDF 1-40 2-40 3-40 4-40 5-40
nRCC 1-20 2-21 3-22 4-20 5-20
where T (0) is the sum of all possible n particle-n core
orbital excitation operators (T (0) =
∑
n T
(0)
n ), S(0) is the
sum of all possible n particle-n valence orbital excitation
operators (S(0) =
∑
n S
(0)
n ), and |Φv〉 is the DF state,
where the valence orbital is treated like a particle orbital;
that is, |Φv〉 = a†v|Φ0〉, where |Φ0〉 consists of occupied
core orbitals. This expression for |Ψ(0)α 〉 means that in
general, it is not normalized. It should be noted that in
the DF calculation, the orbital wave functions are evalu-
ated assuming a VN−1 potential, outlined in Ref. [51] and
Ref. [52] and references therein, where N is the atomic
number, which is 87 for Fr. It should also be noted that
it is these particle-hole excited states that account for
the electron-electron correlation effects within the atom,
which were neglected in the DF state.
In the presence of the P- and T-violating perturbation
to the Hamiltonian, the RCC wave function should take
the form given in Eq. (5), which should match Eq. (26)
when the following substitutions are made:
T (0) → T (0) + deT (1) (27)
and S(0) → S(0) + deS(1). (28)
Equating terms that are of the same order in de, we re-
trieve the expressions for the unperturbed and the first
order perturbed RCC wave functions
|Ψ(0)α 〉 = eT
(0)
(1 + S(0))|Φv〉 (29)
and |Ψ(1)′α 〉 = eT
(0)
(S(1) + T (1) + T (1)S(0))|Φv〉.(30)
These satisfy the unperturbed and the first order per-
turbed many-electron Dirac equations, given respectively
as
Hˆ0|Ψ(0)α 〉 = E0|Ψ(0)α 〉 (31)
and (Hˆ0 − E0)|Ψ(1)′α 〉 = (E(1)
′ − Hˆ ′)|Ψ(0)α 〉. (32)
The amplitudes for T (0) and T (1) are evaluated by solv-
ing the unperturbed and the first order perturbed many-
electron Dirac equations that hold for the core electrons,
and S(0) and S(1) are evaluated by solving the above two
equations in the form given in Ref. [8] and references
therein. We note here that the perturbed wave function
|Ψ(1)α 〉 is evaluated directly by solving the first order per-
turbed Dirac equation, as opposed to evaluating it as a
sum over explicitly constructed intermediate states, as
was done by Byrnes et al. in Ref. [42]. This gives a more
accurate expression for the perturbed state, since the ap-
proximation introduced by truncating the infinite sum of
intermediate states when evaluating this computationally
is not necessary in this approach.
Substituting the RCC wave functions in the numerator
of Eq. (17) and expanding yields
〈Ψ(1)′α |D|Ψ(0)α 〉 = de〈Φv|
(
D¯S(1) + D¯T (1) + D¯T (1)S(0) + S(0)
†
D¯T (1) + S(0)
†
D¯S(1) + S(0)
†
D¯T (1)S(0)
)
+h.c.|Φv〉. (33)
where D¯ = eT
(0)†
DeT
(0)
, and taking parity selection rules
into account. Of the resulting six terms of the numerator
and their h.c., the most important terms are D¯S
(1)
1 + h.c.,
D¯S
(1)
2 + h.c., and D¯T
(1)
1 + h.c. The dominant Goldstone
diagrams [53] in each of these three terms are shown in
Figure 1. The advantage of this RCC method, sometimes
called the expectation value RCC (XRCC) method, is its
ability to include perturbations to all orders in the resid-
ual interaction, which is the difference between the exact
two-body interaction and the DF approximation of the
two-body interaction. As an example, we take diagram
(a) of Fig. 1 and expand it in terms of perturbations
of the residual interaction in Fig. 2. The first diagram
on the right hand side of the equality shows the first
order perturbed term in the residual Coulomb interac-
tion, and the second diagram a second order perturbed
term. Other second order terms and higher order terms
are not shown, and are indicated by the ellipsis. Fig. 2
shows that the RCC term DS
(1)
1 contains terms of all
orders of perturbation in the residual Coulomb interac-
tion. Generally speaking, all RCC terms contain terms
of all orders of perturbation in the residual interaction
similarly. It can thus be seen that the XRCC approach
makes the physical effects transparent through the use
of RCC diagrams, which are a compact way of repre-
senting larger classes of many-body perturbation theory
(MBPT) diagrams. These MBPT diagrams show the
particular many-body interactions occurring in the ex-
citation process. For example, the Coulomb interactions
in the second order perturbed term in Fig. 2 is known
as the Brueckner pair correlation (BPC), which is one
type of many-body interaction contained within the post-
DF residual interaction [54, 55]. Other many-body inter-
action processes can be similarly identified through the
6FIG. 1. Goldstone diagrams of the (a) DS
(1)
1 , (b) DS
(1)
2 ,
and (c) DT
(1)
1 contributions to the RCCSD expression of the
atomic EDM. The h.c. diagrams and the exchange term dia-
grams are not shown.
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FIG. 2. Goldstone diagram representation of the DS
(1)
1 term,
expanded in terms of perturbations in the residual interaction.
The first term on the right hand side of the equality shows
the first order perturbed term in the residual Coulomb inter-
action, and the second term shows a second order perturbed
term in the residual interaction.
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In this calculation, we employ the RCC singles and
doubles (RCCSD) approximation, where we consider
only one and two-particle excitations, so that the excita-
tion operators are defined like
T (0/1) = T
(0/1)
1 + T
(0/1)
2 , (34)
and S(0/1) = S
(0/1)
1 + S
(0/1)
2 . (35)
We have considered excitations of all electrons from the
core orbitals in this calculation.
IV. RESULTS
The results of our RCC calculation of R of 210Fr using
the DC Hamiltonian, and the DF and leading RCC terms
contributing to it, are shown in Table II. Note here that
the DF terms are not included in the total sum of the
contributions listed, because the DF terms are actually
already embedded within the RCC terms listed. Table II
also compares our results with the results of a previous
RCC calculation of the same atom, and with previous
calculations using other many-body methods. We ob-
tain R = 812, which is about 10% less than the value
calculated by Mukherjee et al. [43]. We note that while
TABLE II. DF and the leading RCC contributions to R of
the atomic EDM of 210Fr using the DC Hamiltonian, calcu-
lated using the RCCSD method. These values are compared
against previous calculations by Mukherjee et al. [43] (also
calculated using the RCCSD method), by Byrnes et al. [42],
and by Sandars [41]. “Norm.” refers to the correction due to
normalization of the RCC wave function, and “Extra” refers
to contributions due to terms not listed in the table, which
have been calculated.
Terms from RCC theory This work Other [43]
DF (core) 24.85 25.77
DF (valence) 702.39 695.44
D¯T
(1)
1 + h.c. 44.05 43.39
D¯S
(1)
1 + h.c. 889.18 1000.19
D¯S
(1)
2 + h.c. -49.46 -64.94
S
(0)
1
†
D¯S
(1)
1 + h.c. -14.15 -18.07
S
(0)
2
†
D¯S
(1)
1 + h.c. -48.45 -59.18
S
(0)
1
†
D¯S
(1)
2 + h.c. -3.84 -2.80
S
(0)
2
†
D¯S
(1)
2 + h.c. 11.99 19.26
Extra 4.98 1.51
Norm. -22.11 -24.42
Total 812.19 894.93
Total from other many-body methods
Ref. [42] 910(46)
Ref. [41] 1150
the values of each contribution differ between our result
and the previous RCC result, the trend of the relative
magnitudes of each contribution remain similar. Of the
contributing terms listed, the largest term is given by
D¯S
(1)
1 + h.c., whose diagram is indicated in Fig. 1 (a).
This term predominantly contains contributions due to
the BPC. The next largest term is given by D¯S
(1)
2 + h.c.
This term predominantly contains contributions due to
electron core polarization (ECP) interactions which are
mediated through the Coulomb interaction. This inter-
action is less important than the BPC, and thus gives a
smaller contribution. Another comparable large term is
the S
(0)
2
†
D¯S
(1)
1 + h.c. term. This has a large contribution
because it contains both BPC and ECP contributions.
Finally, D¯T
(1)
1 + h.c. gives the next leading contribution.
This term contains mainly ECP interactions which are
mediated through the EDM interaction, unlike the terms
in D¯S
(1)
2 + h.c. D¯T
(1)
1 + h.c. also contains the core DF
contribution. From these results we see the relative im-
portance of BPC and ECP effects on the R of Fr.
The result given by Sandars in Ref. [41] is evaluated by
considering a central force potential experienced by the
valence electron due to the nucleus and the core electrons.
Thus, his result is very approximate and the differences
between his result and later results are not surprising.
The discrepancy between our result and that of Byrnes
et al. [42] comes from two differences in the methodology.
The first is that Byrnes et al. have used a combination
of ab initio and semi-empirical methods to obtain their
result [42], while our result is evaluated completely ab
7initio. The second is that Byrnes et al. have used an
explicit sum over states approach, as mentioned earlier.
What is more, they have only calculated singly excited
valence intermediate states from 7P 1
2
to 10P 1
2
and in-
cluded contributions due to higher lying P 1
2
states in an
approximate manner [42]. In our calculation, we have
implicitly considered all intermediate states in the con-
figuration space spanned by our basis, which includes
singly excited valence states up to 21P1/2, and also core
excited states. Therefore, their results are closer to our
D¯S
(1)
1 + h.c contribution rather than the total result.
The reason for the discrepancy between our results
and those of Mukherjee et al [43] can be attributed to
the differences in the calculation methodology and com-
putational details. There are three main differences to
note. The first is the number of basis orbitals used in
the RCC calculation. While we used at most 20 or-
bitals per symmetry, as shown in Table I, the calcula-
tion in Ref. [43] used only (at most) 14 active orbitals
per symmetry. Furthermore, we have employed an even-
tempered set of GTO basis functions, whose parameters
α0 and β differ between different orbital symmetries (s,
p, d, · · · ) as given in Table I, while Ref. [43] has used a
universal basis set, where the parameters are common to
all orbitals. That is, while our current work has speci-
fied ten parameters for the basis functions, two for each
orbital symmetry, Ref. [43] has only specified two. This
allows us to optimize α0 and β for each orbital symme-
try, which should behave differently from each other. The
large difference in the D¯S
(1)
1 + h.c. term, of about 111.01,
is mainly due to this difference in the calculation. By in-
troducing high-lying virtual states in the s 1
2
and the p 1
2
symmetries, which have large densities near the nucleus,
significant contributions from the EDM matrix element
have been added to the single valence excitation term.
Note that this increase in the contribution is counterbal-
anced by the energy denominator term in the expression
for R given in Eq. (16), so that, at a certain point, the
contributions due to high-lying states become negligible.
The second difference is that our calculation includes
amplitudes of all multipoles, as opposed to just ampli-
tudes of multipoles satisfying the even parity channel
condition, as done in Ref. [43]. This is explained be-
low. For general orbitals p, q, r, s, the matrix element of
the Coulomb operator 1r12 , which is a two-body operator,
can be expressed like
〈jpmp jqmq| 1
r12
|jrmr jsms〉 (36)
= 〈jpmp jqmq|
∑
kq
4pi
2k + 1
Y ∗kq(θ1, φ1)Ykq(θ2, φ2)
× r
k
<
rk+1>
|jrmr jsms〉 (37)
in the jm basis, where Ykq refers to the spherical har-
monic functions, rk< refers to the smaller of r1 and r2,
rk+1> refers to the larger of r1 and r2, and k refers to the
rank. From this expression it can be seen that k must
satisfy the triangular conditions for p and r, and for q
and s. For the Coulomb operator, additional constraints
(−1)lp+lr+k = 1 (38)
and (−1)lq+ls+k = 1 (39)
are derived, where l refers to the orbital angular momen-
tum quantum number. This is due to the fact that the
Coulomb interaction is a parity conserving operator. In
conjunction with the overall parity selection rule
(−1)lp+lq+lr+ls = 1, (40)
it can be seen that only a subset of values of p, q, r,
s, and k satisfy all three equations Eq. (38), Eq. (39),
and Eq. (40), and so for each individual Coulomb inter-
action, the nonzero contributions come only from this
subset. Now consider the excitation operators T (0) and
S(0). The one particle-one hole excitation operators T
(0)
1
and S
(0)
1 are rank 0 operators, as seen from the fact that
their matrix elements are uniquely identified scalar val-
ues [56]. On the other hand, the two particle-two hole
excitation operators T
(0)
2 and S
(0)
2 can take on nonzero
rank values, since the combination of the angular mo-
menta of two particles allows the state to have multiple
k values. For all RCC excitation operators, which each
contain Coulomb interactions to all orders, Eq. (38) and
Eq. (39) do not apply, and so the values of p, q, r, s, and
k for which the contribution is nonzero is not restricted
to those that are nonzero for the Coulomb interaction.
Furthermore, for the perturbed terms of the two-body
excitation operators, T
(1)
2 and S
(1)
2 , Eq. (40) does not
hold as well, because these are parity-violating terms, in-
troduced due to the P- (and T-) violating perturbation
to the Hamiltonian. Therefore, in general, all combina-
tions of p, q, r, s, and k could give a nonzero contri-
bution to the overall result, including the combinations
for which the Coulomb interaction contributions would
be zero. In Ref. [43], the even parity channel approxi-
mations were employed, which considers only the set of
orbitals and k values for which Eq. (38) and Eq. (39)
are satisfied, for the T
(0)
2 and S
(0)
2 operators, i.e. those
for which the contributions to the Coulomb interactions
are nonzero. This is on the grounds that these combina-
tions of orbitals and k give the dominant contributions,
as discussed in Ref. [57]. However, these approximations
were introduced because of limitations in computational
resources. In the absence of computational restrictions,
there is no compelling reason for terms that do not satisfy
the even parity channel condition to be omitted. There-
fore, in this work, we considered contributions due to all
combinations of orbitals and k.
Finally, our calculation included nonlinear terms in D¯,
which the calculation in Ref. [43] had not included. Re-
call that
D¯ = eT
(0)†
DeT
(0)
(41)
= D + T (0)
†
D +DT (0) + T (0)
†
DT (0) + · · · , (42)
8where each T (0) = T
(0)
1 + T
(0)
2 and T
(0)† = T (0)1
†
+ T
(0)
2
†
.
It can be seen that terms in D¯ can be grouped into pow-
ers of T (0) and T (0)
†
. In our work, terms to the nth
power of T (0) and T (0)
†
were calculated iteratively for
increasing n, until the difference in the total sum be-
tween up to the nth and the (n + 1)th terms was less
than a threshold value. This self-consistent method of
evaluating D¯ ensures that the series given in Eq. (42) con-
verges numerically, and therefore effectively terminates.
In Ref. [43], terms nonlinear in T (0) and T (0)
†
in Eq. (42)
were not calculated, unlike in our work. Contributions
due to the linear dominant term of three selected RCC
terms are given in Table III. This takes the contributions
in D¯T
(1)
1 , D¯S
(1)
1 , and D¯S
(1)
2 for which D¯ = D. It can be
TABLE III. RCC calculations of linear contributions to R of
210Fr of three selected RCC terms, compared against other
RCC results given by Ref. [43].
Terms This work Other [43]
DT
(1)
1 45.35 44.82
DS
(1)
1 889.27 1000.69
DS
(1)
2 -57.29 -61.28
seen that the linear term accounts for the majority of the
contribution to each term. DS
(1)
2 shows a slightly larger
deviation from D¯S
(1)
2 compared to the other two terms.
This shows that the self-consistent method of evaluation
discussed above makes a difference for some leading con-
tributions of R. We note that this work is the first to
apply this technique on an open-shell atomic system.
To analyze the accuracy of our results, we use our cal-
culated RCC wave functions to evaluate other physical
quantities which can be compared against experimental
results, and which resemble the terms that comprise the
expression for R. This analysis gives a quantitative in-
sight into the errors contributing to the result. The first
quantity to compare is the magnetic dipole hyperfine con-
stant A, which can be used to estimate the error in the
EDM matrix element in Eq. (16). The error in the EDM
matrix element can be approximated as the error in the
quantity
√
A7S 1
2
A7P 1
2
. This can be seen from the fol-
lowing reasoning. The hyperfine constant A is expressed
like
A =
〈Ψ|Hˆhf |Ψ〉
IJ
(43)
where Hˆhf is the hyperfine interaction Hamiltonian:
〈Hˆhf〉 = 〈
∑
e
je ·AN 〉 = A〈I · J〉. (44)
Thus,√
A7S 1
2
A7P 1
2
∝
√
〈7S 1
2
|Hˆhf |7S 1
2
〉〈7P 1
2
|Hˆhf |7P 1
2
〉.
The dominant contribution to the EDM matrix element
is due to the transition between the 7S 1
2
and 7P 1
2
states,
given as
〈7S 1
2
|βγ5p2|7P 1
2
〉. (45)
If we note that both Hˆhf and βγ5p
2 are one-body opera-
tors, and that both are sensitive to contributions from or-
bitals with a dominant component in the nuclear region,
we can see that the accuracy of
√
A7S 1
2
A7P 1
2
can give
some indication of the accuracy of 〈7S 1
2
|βγ5p2|7P 1
2
〉, and
therefore of 〈Ψ(0)α |βγ5p2|Ψ(0)ν 〉. Other terms in Eq. (16)
can be compared directly against experimental results,
so this term is the greatest source of uncertainty in the
error estimate.
Table IV shows the RCC values of the hyperfine con-
stants of the 7S 1
2
, 7P 1
2
, 8P 1
2
, and 9P 1
2
states, with var-
ious correction terms listed and the result compared
against the available experimental [16] and theoretical
results [9]. The included correction terms are the Breit
interaction terms, the approximate QED effect terms, the
perturbative triple excitation (pT) terms, and the Bohr-
Weisskopf (BW) effect terms. The Breit interaction is
the lowest order relativistic correction to the Coulomb
interaction [44, 58], and the QED effect terms include
corrections due to vacuum polarization effects and elec-
tron self-energy effects, calculated approximately [59, 60].
The correction due to inclusion of partial effective three
particle-three hole excited states is evaluated by treat-
ing the excitation as a perturbation on the evaluated
RCCSD state, as outlined by Sahoo et al. in Ref. [8].
The BW effect is the correction due to the magnetiza-
tion of the nucleus [61, 62], to which the hyperfine con-
stant values are sensitive. For the 7S 1
2
state, our final
calculation gives a value with an approximate 0.76% de-
viation from experimental results, which is an excellent
agreement. The value for the 7P 1
2
state also shows good
agreement with experimental results, with a deviation
of about 0.64%. Our results give a marginally better
agreement with available experimental results compared
to the results in Ref. [9]. The main differences between
our method and the RCC method used in Ref. [9] is that
Ref. [9] have used a quadratic basis set instead of the
GTO’s that we have used, and that Ref. [9] have not in-
cluded the BW contributions. Our results demonstrate
the power of the RCC method used in this work to pro-
vide reliable calculations of atomic properties.
Table V shows the values of selected hyperfine struc-
ture constant quantities of the form
√
A7S 1
2
AnP 1
2
(for
n = 7, 8, 9) calculated using the RCC wave function, com-
pared against the available experimental results. Here,
the results for A using the DC Hamiltonian without the
various correction terms are used, so that we obtain a
conservative estimate. For
√
A7S 1
2
A7P 1
2
, the calculated
value is about 1.9% larger than the experimental value.
From the argument above, this can be thought of as the
largest error coming from the EDM matrix element.
The second quantity to compare is the E1 transition
amplitude, found in the numerator of Eq. (16). Ta-
9TABLE IV. RCC calculations of selected hyperfine structure
constant quantities (A) for 210Fr using the DC Hamiltonian
and the correction terms due to the Breit interaction, approx-
imate QED effects, perturbative triple excitation (pT) terms,
and the BW effect. The final results are compared against the
available experimental measurements and theoretical values.
Values are given in units of MHz.
Term 7S 1
2
7P 1
2
8P 1
2
9P 1
2
DC 7488.42 944.56 296.22 132.80
Breit 16.217 -1.584 -0.363 -0.108
QED -41.026 3.466 0.970 0.421
pT -14.389 1.959 0.507 0.205
BW -199.228 -8.163 -2.563 -1.149
Total 7249.99 940.236 294.772 132.173
Experiment [16] 7195.1(4) 946.3(2) - -
Ref. [9] (theory) 7254(75) 939(7) 295(4) -
TABLE V. RCC calculations of selected hyperfine structure
constant quantities for 210Fr using the DC Hamiltonian, com-
pared against the available experimental measurements.
Terms This work Experiment√
A7S 1
2
A7P 1
2
2657.79 2609.37 [16]√
A7S 1
2
A8P 1
2
1488.43 -√
A7S 1
2
A9P 1
2
996.76 -
ble VI shows the values of the E1 transition amplitudes
of selected valence transitions calculated using the RCC
wave function used in the enhancement factor calcula-
tion, compared against the available experimental val-
ues [17] and theoretical calculations [63, 64]. It can be
seen that the various correction terms added to the DC
result (Breit and QED) have a limited effect on the fi-
nal values of the transition amplitudes. For the 7S 1
2
→
7P 1
2
transition, the magnitude of the calculated quan-
tity is about 1.59% larger than the experimental value,
which is again in good agreement, especially consider-
ing that the many-body wave function was optimized
not just for the transition amplitudes but also simultane-
ously for the hyperfine constants and the EDM enhance-
ment factor. Comparison against two other theoretical
results are made in Table VI as well. Ref. [63] uses a
linearized coupled-cluster method, which only considers
terms that are linear in the cluster operators T and S,
and Ref. [64] uses a many-body perturbation theory with
screened Coulomb interactions. Ref. [63] also uses linear
combinations of B-splines as the basis orbitals, instead
of the GTO’s that we use here. Our calculation includes
many more terms than what have been included in both
Ref. [63] and Ref. [64].
The third is the excitation energy between the ground
and selected excited states, as seen in the denominator
of Eq. (16). For the selected excitation energies, all three
calculation results show a very small deviation from ex-
perimental results, at 0.47%, 0.17%, and 0.11%, for the
7P 1
2
→ 7S 1
2
, 8P 1
2
→ 7S 1
2
, and 9P 1
2
→ 7S 1
2
transitions,
TABLE VI. RCC calculations of magnitudes of selected E1
transition amplitudes for 210Fr using the DC Hamiltonian and
the correction terms due to the Breit interaction and approxi-
mate QED effects. The final results are compared against the
available experimental measurements and theoretical values.
Values are given in units of Bohr radius.
Term 7S 1
2
→ 7P 1
2
7S 1
2
→ 8P 1
2
7S 1
2
→ 9P 1
2
DC 4.345 0.333 0.111
Breit 0.0004 0.0028 0.0016
QED -0.0005 -0.0019 -0.0011
Total 4.345 0.334 0.114
Experiment [17] 4.277(8) - -
Ref. [63] (theory) 4.256 0.327 0.110
Ref. [64] (theory) 4.304 0.301 -
respectively. This is not surprising, as the DF method
optimizes the orbital wave functions by minimizing the
DF energy value. Thus, the errors introduced from this
term can be assumed to be smaller than the errors due to
the other two terms. Taking these three sources of errors
TABLE VII. RCC calculations of selected excitation energies
for 210Fr using the DC Hamiltonian, compared against the
experimental measurements given in Ref. [18]. The values are
given in units of cm−1.
Transition This work Experiment [18]
7P 1
2
→ 7S 1
2
12295.04 12237.41
8P 1
2
→ 7S 1
2
23151.49 23112.96
9P 1
2
→ 7S 1
2
27149.03 27118.21
to be independent, we add the fractional uncertainties
in quadrature, and obtain a total conservative estimated
error of about 3%. Notably, previous results do not fall
within the error bar of this result, indicating that the im-
provements we have made in this calculation, especially
the additional terms in D¯ we have included, have a sig-
nificant effect on the final result, and may indicate that
continued efforts for an improved calculation are neces-
sary. We emphasize here that evaluations of the errors in
the individual terms in Eq. (16), by this method or oth-
erwise, had not been performed by Mukherjee et al. [43].
Byrnes et al. [42] have reported estimates of the errors
in excitation energies, E1 transition amplitudes, and the
EDM matrix elements, and have reported a total error of
5%. Our calculations provide a comprehensive analysis
of the error in our calculation of R.
We now discuss the corrections introduced to R due
to the consideration of the Breit interaction and approx-
imate QED effects. Table VIII shows the RCC contri-
butions to R for 210Fr with Breit interaction effects ac-
counted for. The inclusion of Breit interaction terms re-
duce the value of R by about 8.11, or a decrease of about
1%. This is mainly due to the difference in the D¯S
(1)
1 +
h.c. term. This is not surprising, as the valence 7s elec-
tron for Fr is expected to behave relativistically due to
the large atomic size, and so it is natural that the Breit in-
teraction, which is a relativistic effect, impacts terms in-
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TABLE VIII. DF and the leading RCC contributions to
R of the atomic EDM of 210Fr using the DC Hamiltonian
with Breit interaction correction terms, calculated using the
RCCSD method. “Norm.” refers to the correction due to
normalization of the RCC wave function, and “Extra” refers
to contributions due to terms not listed in the table, which
have been calculated.
Terms DC results DC + Breit results
DF (core) 24.85 24.76
DF (valence) 702.39 694.87
D¯T
(1)
1 + h.c. 44.05 43.99
D¯S
(1)
1 + h.c. 889.18 880.11
D¯S
(1)
2 + h.c. -49.46 -49.07
S
(0)
1
†
D¯S
(1)
1 + h.c. -14.15 -14.05
S
(0)
2
†
D¯S
(1)
1 + h.c. -48.45 -48.02
S
(0)
1
†
D¯S
(1)
2 + h.c. -3.84 -3.81
S
(0)
2
†
D¯S
(1)
2 + h.c. 11.99 11.90
Extra 4.98 4.96
Norm. -22.11 -21.92
Total 812.19 804.08
volving the valence electron more significantly. Table IX
shows the RCC contributions to R for 210Fr with approx-
imate QED effects accounted for. It can be seen that the
TABLE IX. DF and the leading RCC contributions to R of the
atomic EDM of 210Fr using the DC Hamiltonian with approx-
imate QED corrections, calculated using the RCCSD method.
“Norm.” refers to the correction due to normalization of the
RCC wave function, and “Extra” refers to contributions due
to terms not listed in the table, which have been calculated.
Terms DC results DC + QED results
DF (core) 24.85 24.74
DF (valence) 702.39 701.96
D¯T
(1)
1 + h.c. 44.05 43.84
D¯S
(1)
1 + h.c. 889.18 888.70
D¯S
(1)
2 + h.c. -49.46 -49.42
S
(0)
1
†
D¯S
(1)
1 + h.c. -14.15 -14.12
S
(0)
2
†
D¯S
(1)
1 + h.c. -48.45 -48.44
S
(0)
1
†
D¯S
(1)
2 + h.c. -3.84 -3.83
S
(0)
2
†
D¯S
(1)
2 + h.c. 11.99 11.99
Extra 4.98 4.95
Norm. -22.11 -22.09
Total 812.19 811.57
QED corrections reduce the value of R slightly, mainly
due to the reduction in the D¯T
(1)
1 + h.c. and D¯S
(1)
1 + h.c.
terms, but overall the difference is very small, at about
-0.62, or -0.076%.
Finally, effective three particle-three hole excitation
contributions were calculated using the DC Hamiltonian
through a perturbative method [8]. In total, this resulted
in a correction of about -4.64 from the DC result, or a
-0.58% correction, as shown in Table X.
If we combine the Breit interaction correction, the ap-
TABLE X. R of the atomic EDM of 210Fr calculated using
the DF and the RCCSD methods, with various correction
terms included. “DC” refers to the result obtained using the
Dirac-Coulomb Hamiltonian, “QED” to approximate QED
correction terms, “Breit” to correction terms due to the Breit
interaction, and “pT” to the effective three particle-three hole
excitation contribution terms.
Method Correction R
DF (DC) - 727.24
RCCSD (DC) 0 812.19
RCCSD (DC+Breit) -8.105 804.08
RCCSD (DC+QED) -0.621 811.57
RCCSD (DC+pT) -4.644 807.55
RCCSD (DC+Breit+QED+pT) -13.369 798.82
proximate QED correction, and the perturbative triples
correction, we obtain a final value of R = 799 for 210Fr.
We see from Table X that the three correction terms each
reduce the value of R from the RCCSD DC value, leading
to a smaller final value than the pure DC result. We note
that our work is the first to apply all of these correction
terms to the calculation of R for 210Fr.
V. CONCLUSION
Results for improved RCC calculations of the EDM
enhancement factor for 210Fr are presented in this work,
evaluated to be at R = 799, with an estimated error
of about 3%. This is about 11% smaller than the re-
sult from a previous calculation using an approximate
RCCSD method [43]. This difference can be attributed
to the fact that the various approximations and short-
comings in the previous calculation were addressed in this
work, such as by the improvement of both the size and
quality of the basis functions used, and by the inclusion
of amplitudes of all multipoles and nonlinear RCC terms
using a self-consistent approach, applied to an open-shell
system for the first time here. We emphasize that we
have outlined the method of error evaluation more com-
prehensively than what is given in previous calculations
of the same atom, if given at all. A detailed analysis
of the many-body effects contributing to the EDM en-
hancement of Fr was given as well, and it was found that
BPC and ECP effects contribute most heavily to R. This
has shed light on the many-body physics involved in this
complex phenomenon. This work has also included cor-
rections due to the Breit interaction and QED effects,
as well as contributions due to perturbative triple ex-
citations, which previous Fr EDM calculations have not
included. The improved RCC method has also been used
to evaluate the magnetic dipole hyperfine constants and
the E1 transition amplitudes of selected states of 210Fr
and compared against available experimental and theo-
retical results, with relevant correction terms included.
Our results showed excellent agreement with both ex-
periment and other detailed theoretical calculations, and
have demonstrated the versatility of our RCC method in
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providing accurate results for atomic properties.
The notable difference between our results with previ-
ous results indicates that it is necessary to continue to
perform these calculations to higher levels of accuracy, for
a reliable appraisal of the upper limit of the magnitude of
the electron EDM in conjunction with future experimen-
tal results. For a comprehensive study of BSM physics, it
is necessary to conduct EDM searches on multiple can-
didates. In this respect, the continuation of efforts for
EDM measurement in atomic systems is still important.
The merit of Fr in particular as an electron EDM search
candidate lies in its large enhancement factor and its abil-
ity for the theoretical calculation of its R to be obtained
to a higher accuracy compared to molecules. In addi-
tion, it is an ideal system in which to also probe the
S-PS coupling constants, which also contribute to the
atomic EDM, because of the wealth of isotopes avail-
able for production. We hope that our theoretical work
on this promising candidate will not only complement
experimental results, but also contribute to the under-
standing of relativistic many-body theory in atoms, and
the development of RCC methods in general.
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